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ON THE DIMENSIONS OF OSCILLATOR-LIKE ALGEBRAS
INDUCED BY ORTHOGONAL POLYNOMIALS:
NON-SYMMETRIC CASE
G. HONNOUVO1 AND K. THIRULOGASANTHAR2
Abstract. There is a generalized oscillator-like algebra associated with every
class of orthogonal polynomials, on the real line, satisfying a four term non-
symmetric recurrence relation. This note presents necessary and sufficient
conditions, on the coefficients of the recurrence relation, for such algebras to
be of finite dimension. As examples, we discuss the dimensions of oscillator-like
algebras associated with Laguerre and Jacobi polynomials.
1. Introduction
The usual harmonic oscillator annihilation , creation and the number operators
are defined respectively as
(1.1) aΨn =
√
nΨn−1;n ≥ 1, a†Ψn =
√
n+ 1Ψn+1;n ≥ 0, N = a†a
and aΨ0 = 0, where {Ψn}∞n=0 is an orthonormal basis of the harmonic oscillator
Fock space. In this case
[a, a†] = I, [N, a] = −a, [N, a†] = a†, (a†)† = a, N † = N
and the algebra generated by {I, a, a†, N} is the usual Weyl-Heisenberg algebra.
We call this algebra AWH . It is well-known that the dimension of this algebra is
four.
Several generalizations and deformations of the algebra AWH have been studied
in the literature, for example, [1–4, 6, 9, 10, 12]. In generalizing or deforming the
algebra AWH we inclined to stay as close as to the commutation relations of the al-
gebra AWH . In the following we shall provide conditions, in terms of the coefficients
of some recurrence relations satisfied by the Fock basis of generalized oscillator-like
algebras, for such algebras to be of the same dimension as the algebra AWH .
In particular, in the following we shall discuss the dimensions of generalized
oscillator algebras presented in [4] and the dimensions of a modified version of an
oscillator-like algebra presented in [1].
In a recent paper, [14], we have considered the dimension of generalized oscil-
lator algebras associated with orthogonal polynomials, on the real line, that are
orthogonal with respect to a symmetric probability measure.
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Let H = L2(R, dµ), where µ is a probability measure on R with finite moments
(1.2) µn =
∫ ∞
−∞
xndµ(x).
These moments uniquely define the real sequences {an}∞n=0, {bn}∞n=0 and the sys-
tem of orthogonal polynomials {Ψn(x)}∞n=0 satisfying the recurrence relation [4]
(1.3)
xΨn(x) = bnΨn+1(x)+anΨn(x)+bn−1Ψn−1(x), Ψ0(x) = 1, b−1 = 0; n = 0, 1, 2, · · · .
The polynomials (normalized) {Ψn(x)}∞n=0 form an orthonormal basis for a Fock
space associated with a generalized oscillator algebra provided that bn’s and µn’s are
connected by a specific relation [4]. There are two cases associated with (1.3) [4,7,8]:
(i) an = 0, symmetric case
(ii) an 6= 0, non-symmetric case
The primary aim of this article is to investigate the dimension of an oscillator-
like algebra obeying the recurrence relation (1.3). We shall provide necessary and
sufficient conditions, in terms of an and bn of (1.3), for such an oscillator-like algebra
to be of finite dimension. This result, in a manner, can be viewed as a dimension
wise classification for such algebras.
The rest of the article is organized as follows. In subsection 2.1 we briefly discuss
the symmetric case. In particular we shall respond to the claims made in [7,8] about
the results of our earlier paper [14]. In section 2.2 we discuss the non-symmetric
case and also comment on the results provided in [7,8] about the oscillator algebra
associated with the non-symmetric case. Subsection 2.3 deals with oscillator-like
algebras obeying the recurrence relation (1.3). In section 3 we present the main
results of this manuscript. That is, we present a necessary and sufficient condition
on an and bn of (1.3) for oscillator-like algebras to be of finite dimension. Some
examples accommodating our claim are presented in section 4. Section 5 ends the
manuscript with a conclusion.
2. Classes of generalized oscillator and oscillator-like algebras
In this section we shall provide a class of generalized oscillator and oscillator-like
algebras based on [1,2,4]. In particular we shall respond to the claims made in [7,8]
about our earlier paper [14].
2.1. Symmetric case. Let µ be a symmetric probability measure on the real line,
R. That is, the measure µ satisfies
(2.1)
∫ ∞
−∞
µ(dx) = 1, and µ2k+1 =
∫ ∞
−∞
x2k+1µ(dx) = 0; k = 0, 1, ...
Let
(2.2) {bn}∞n=0, bn > 0; n = 0, 1, ...
be a positive sequence defined by the algebraic equations system
(2.3)
[ 1
2
n]∑
m=0
[ 1
2
n]∑
s=0
(−1)m+sα2m−1,n−1α2s−1,n−1µ2n−2m−2s+2
(b2n−1)!
= b2n−1 + b
2
n; n = 0, 1, 2, ...,
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where (b2n−1)! = b
2
0b
2
1...b
2
n−1, the integral part of a is denoted by [a], and the coeffi-
cients αij are given by
α2p−1,n−1 =
n−1∑
k1=2p−1
b2k1
k1−2∑
k2=2p−3
b2k2 ...
kp−1−2∑
kp=1
b2kp .(2.4)
In (2.3) and (2.4), for k = 0, 1, · · · , µ2k are known and it determine the sequence
{bn} and the sequence {bn} determines αn,m through (2.4). In order to get the
orthogonality of the polynomials, Ψn, in (2.5), µ2k and bn have to be related by
the relation (2.3) (see Theorem 2.1).
Let us consider a system {Ψn(x)}∞n=0 of polynomials defined by the recurrence
relations (n ≥ 0) :
(2.5) xΨn(x) = bnΨn+1(x) + bn−1Ψn−1(x), Ψ0(x) = 1, b−1 = 0,
where {bn}∞n=0 is a given positive sequence satisfying the relation (2.3). The fol-
lowing theorem was proved in [4].
Theorem 2.1. The polynomial system {Ψn(x)}∞n=0 is orthonormal in the Hilbert
space H if and only if the coefficients bn and the moments µ2k are connected by
relation (2.3).
Let {Ψn(x)}∞n=0 be an orthonormal basis of the Fock space Hs which satisfies
the recurrence relation (2.5). That is,
Hs = span {Ψn(x) | n = 0, 1, 2, ...} ⊆ H,
where the bar stands for the closure of the linear span taken under the norm topol-
ogy of H. Define the ladder operators a†s, as and the number operator Ns in the
Fock space, Hs, by the usual formulas:
a
†
sΨn(x) =
√
2bnΨn+1(x),
asΨn(x) =
√
2bn−1Ψn−1(x),(2.6)
NsΨn(x) = nΨn(x).
It can be readily seen that (a†s)
† = as. The polynomial set{Ψn(x)}∞n=0 is called a
canonical polynomial system when it is defined by the recurrence relation (2.5). The
canonical polynomial system {Ψn(x)}∞n=0 is uniquely determined by the symmetric
probability measure µ. Now, as usual, let the position operator be
(2.7) Qs =
as + a
†
s√
2
.
In order to guarantee
(2.8) QsΨn(x) = xΨn(x)
the symmetry of the measure is required and the relation (2.8) is essential for
the three term recursion relation (2.5). In fact, the relation (2.8) provides the
connection between the operators as, a
†
s and the recurrence relation (2.5) [4, 14].
The operator Ns is self adjoint in the Fock space. Therefore for any Borel function
B, through the spectral theorem [11], one can define the operator B(Ns). In this
regard, we take a function B(Ns) of operator Ns in the space Hs which acts on the
basis vectors, {Ψn(x)}∞n=0 as
(2.9) B(Ns)Ψn(x) = b
2
n−1Ψn(x), and B(Ns + Is)Ψn(x) = b
2
nΨn(x); n ≥ 0,
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where Is is the identity operator on Hs. The following result is proved in [4, 5]:
Theorem 2.2. The operators as, a
†
s and Ns obey the following commutation rela-
tions
(2.10) [as, a
†
s] = 2 (B(Ns + Is)−B(Ns)) , [Ns, a†s] = a†s, [Ns, as] = −as.
Definition 2.3. An algebraAs is called a generalized oscillator algebra correspond-
ing to the orthonormal system {Ψn(x)}∞n=0, which satisfies (2.5), if As is generated
by the operators a†s, as, Ns, and Is and by their commutators. These operators
should also satisfy the relations (2.6) and (2.10).
At this point we like to emphasize a word about the above definition. The
algebra As consists the operators as, a
†
s, Ns and Is and their repeated commutators
only. Further, the above oscillator algebra arises only in the symmetric case [4,14].
Further, the algebra As may be considered as a generalization of the algebra AWH .
Regarding the dimension of the algebra As we have proved the following result
in [14].
Theorem 2.4. The generalized oscillator algebra As is of finite dimension if and
only if
(2.11) b2n = α0 + α1n+ α2n
2, b−1 = 0, α0, α1, α2 ∈ R
and in this case the dimension of the algebra is four.
Remark 2.5. At this point we like to respond to the comments made in [7] and [8]
about our earlier paper [14]. In [7] and [8] the authors claimed that the sufficient
part of the Theorem (2.4) is incorrect. They indicated that for the sufficient part
to be true, in addition to (2.11), the coefficients α0, α1 and α2 of (2.11) must also
satisfy the relation
(2.12) α1 = α0 + α2
However, the relation (2.12) is indeed included in Theorem (2.4). It can be easily
seen that in the recurrence relation (2.5) we have b−1 = 0 and in (2.11) if b−1 = 0
then we obtain α1 = α0 + α2. In this regard, Theorem (2.4) is correct in its own
form.
2.2. Non-symmetric case. For a symmetric probability measure a non-symmetric
recurrence relation can be transformed to a symmetric one. For details we refer
the reader to Section 5 in [4]. Also the following is extracted from [4] as needed here.
Let µ be a probability but not necessarily a symmetric measure on R. Let
Hn−s = L2(R, µ) and
(2.13) µ0 = 1, µk =
∫ ∞
−∞
xkdµ(x); k = 1, 2, · · · .
Let the real sequences {an}∞n=0, {bn}∞n=0 be solutions of the system
(2.14){
Ak,n = bnAk−1,n+1 + anAk−1,n + bn−1Ak−1,n−1; n = 0, 1, 2, · · · ; b−1 = 0
A0,0 = 1, Ak,0 = µk, A0,k = 0; k ≥ 1.
There is a unique solution to the system (2.14) with respect to the variables
(an, bn, Ak,n); n ≥ 0, k ≥ 0. That is, the initial conditions A0,0 = 1, Ak,0 =
µk, A0,k = 0 are given for k ≥ 1. Through (2.14) we look for the real sequences
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{bn}∞n=0 and {an}∞n=0.
If sequences {an}∞n=0, {bn}∞n=0 are given, then one can define the polynomial system
by the recurrence relation
(2.15) xΨn(x) = bnΨn+1(x)+anΨn(x)+bn−1Ψn−1(x); n ≥ 0, b−1 = 0,Ψ0(x) = 1.
Theorem 2.6. [4]Let {Ψn(x)}∞n=0 be a real polynomial system defined by (2.15)
and let µ be a probability measure on R. The system of polynomials {Ψn(x)}∞n=0
is orthonormal with respect to the measure µ on R if and only if the coefficients
{an}∞n=0, {bn}∞n=0 involved in (2.15) are the solutions of the system (2.14), where
µk are defined by (2.13).
Let {Ψn(x)}∞n=0 be an orthonormal system satisfying the four term recurrence
relation (2.15) and let
Hn−s = span{Ψn(x) | n = 0, 1, 2, · · · }.
On Hn−s define the operators Qn−s and Pn−s as
Qn−sΨn(x) = bn−1Ψn−1(x) + anΨn(x) + bnΨn+1(x)
Pn−sΨn(x) = i[bn−1Ψn−1(x)− bnΨn+1(x)] + anΨn(x); n ≥ 0.
Let
(2.16) Q̂n−s = Re(Qn−s − Pn−s), P̂n−s = −iIm(Qn−s − Pn−s).
Define the ladder operators as
(2.17) ân−s =
Q̂n−s − iP̂n−s√
2
, â
†
n−s =
Q̂n−s + iP̂n−s√
2
.
Also take Nn−s = Ns and In−s to be the identity operator on Hn−s. Then for
the operators ân−s, â
†
n−s, Nn−s and In−s the formulas (2.6) and Theorem (2.2) are
valid. Let the algebra generated in this case be An−s. In the non-symmetric case
the position operator, Q̂n−s, does not have to be an operator of the multiplication
by an independent variable. However, since the orthonormal system {Ψn(x)}∞n=0
satisfies the recurrence relation (2.15), by the definition of Qn−s, the operator Qn−s
is an operator of multiplication by an independent variable.
Remark 2.7. Since the sets of operators
{as, a†s, Ns, Is} and {ân−s, â†n−s, Nn−s, In−s}
are defined by the same relations (2.6) and satisfy the same commutation relations
(Theorem 2.2), in [7,8] the authors claimed that the algebras As and An−s coincide
and therefore Theorem (2.4) is valid for the algebra An−s as well. According to
the definition of the algebra An−s given in [7, 8] the authors claim is true. How-
ever, in the symmetric case the operator Qs is an operator of multiplication by an
independent variable while the operator Q̂n−s does not hold this property.
2.3. Oscillator-like algebras. A particular kind of deformation to the creation
operator of the algebra AWH is proposed in [1] and then used, for example, in [2,16].
In [1] the authors deformed the creation operator as
(2.18) a†λ = a
† + λI; λ ∈ R,
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where λ is a real continuous parameter, without changing the annihilation opera-
tor. Even after the deformation the commutation relations of the Weyl-Heisenberg
algebra remain unchanged, that is,
(2.19) [a, a†λ] = I, [Nλ, a] = −a, [Nλ, a†λ] = a†λ,
where Nλ = a
†
λa. However, (a
†
λ)
† 6= a and N †λ 6= Nλ. In [1,2] the authors called the
algebra generated by {a, a†λ, Nλ, I} an oscillator-like algebra. In the following we
propose a different, however similar to (2.18), deformation to the creation operator
of the symmetric case and obtain an oscillator-like algebra. In fact, in (2.18) we
replace the real parameter λ by the an’s of the recurrence relation (2.15) and the
operator a by the operator as.
Let {an}∞n=0, {bn}∞n=0 be the sequence of real numbers appearing in the four
term recurrence relation (2.15) and {Ψn(x)}∞n=0 be an orthonormal polynomials
system satisfying the recurrence relation (2.15). Let
H = span{Ψn(x) | n = 0, 1, 2, · · · }.
In H, define the operator D by
(2.20) DΨn =
√
2anΨn, n = 0, 1, ...
Also on H define the operators
(2.21) A = as, A
† = a†s +D, N = Ns
and I, the identity operator on H. Then their actions take the form
(2.22) A†Ψn =
√
2bnΨn+1 +
√
2anΨn, AΨn =
√
2bn−1Ψn−1.
We also have
(2.23) [A,A†] = 2(B(N + I)−B(N)) +Af(N), [N,A] = −A, [N,A†] = a†s,
where f(N) is a function of the self-adjoint operator N acting as
f(N)Ψn(x) =
√
2(an − an−1)Ψn(x).
Once again (A†)† 6= A. LetA be the oscillator-like algebra generated by {I, A,A†, N}.
Now, as usual, let the position operator be
(2.24) Q =
A+A†√
2
.
Proposition 2.8. The operator Q in (2.24) is an operator of the multiplication by
an independent variable. That is,
(2.25) QΨn(x) = xΨn(x).
Proof. Since the sequences {an}, {bn} and the normalized polynomials system
{Ψn(x)} satisfy the four term recurrence relation (2.15), we have
QΨn(x) =
1√
2
(A+ A†)Ψn(x)
=
1√
2
(
√
2bn−1Ψn−1(x) +
√
2anΨn(x) +
√
2bnΨn+1)
= bn−1Ψn−1(x) + anΨn(x) + bnΨn+1(x)
= xΨn(x).
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
In this regard, unlike the algebra An−s, A is the oscillator-like algebra most
closely associated with the orthogonal polynomials system satisfying the four term
recurrence relation (2.15).
3. Main results
In this section we shall provide necessary and sufficient conditions on an and bn
of the four term recurrence relation (2.15) for the oscillator-like algebra, A, to be
of finite dimension. The following theorem is the main result of this manuscript.
Theorem 3.1. The generalized oscillator-like algebra A is of finite dimension if
and only if
(3.1) b2n = α2n
2 + α1n+ α0 and an = β1n+ β0, with α1 = α2 + α0,
where α0, α1, α2, β0, β1 ∈ R.
As a corollary we state the following result.
Corollary 3.2. If the oscillator-like algebra A is of finite dimension, then the
dimension of A is four.
3.1. Proof of Theorem 3.1. We execute the proof in three steps. In step-1 we
prove that if dim(A) <∞ then bn is of second degree in n. In step-2 we show that
if dim(A) < ∞ then an is of degree one in n. In step-3 we prove the converse of
the theorem.
Step-1: From (2.23) we have
(3.2) [N,A†]Ψn = a†sΨn, n = 0, 1, 2, · · · .
Therefore, a†s ∈ A and hence
(3.3) As ⊆ A.
Thus, if dim(A) <∞, then dim(As) <∞. Therefore, according to [14], b2n must be
of the form
(3.4) b2n = α2n
2 + α1n+ α0.
Step-2: Since a†s ∈ A, then D = A† − a†s ∈ A. Define a family of operators as
follows:
(3.5) D1 = [A
†, D], D2 = [A†, D1], and Dk = [A†, Dk−1], k = 3, 4, · · ·
and
(3.6)
d(1)n = an − an−1, d(2)n = d(1)n − d(1)n−1 and d(k)n = d(k−1)n − d(k−1)n−1 , k = 3, 4, · · · .
Then, by induction, we have
(3.7) DkΨn =
(√
2
)k+1 k∏
i=1
bn−id(k)n Ψn−k.
We can see that for any Ψn(x), with n ≥ k, Dk is lowering the level of Ψn(x) by
k−stages if there is no k such that d(k)n = constant, for n = 0, 1, 2, · · · . Therefore,
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if dim(A) < ∞ then there exists k such that d(k)n = constant, for n = 0, 1, 2, · · · .
Let
(3.8) p = inf{k | d(k)n = constant, for n = 0, 1, 2, · · · }.
Then it can be easily shown that the an has the form
(3.9) an =
p∑
i=0
θin
i = θpn
p + θp−1np−1.+ ...+ θ1n+ θ0,
where θp, · · · , θ0 are real constants. Hence, D can be seen as
(3.10) D =
√
2
p∑
i=0
θiN
i =
√
2
(
θpN
p + θp−1Np−1 + · · ·+ θ1N + θ0I
) ∈ A.
Now let us show that dim(A) =∞ if p ≥ 2. Since D, N, I ∈ A. Eq. (3.10) implies
that √
2(θpN
p + θp−1Np−1 + ...+ θ2N2) ∈ A.
By rescaling, we get
(3.11) W0 = N
p + γp−1Np−1 + ...+ γ2N2 ∈ A,
where γi =
θi√
2θp
, for i = 2, · · · , p − 1. The following commutation relations can
easily be computed:
(3.12) [N2, a†s] = 2a
†
sN + a
†
s
(3.13) [N3, a†s] = 3a
†
sN
2 + 3a†sN + a
†
s
(3.14) [N4, a†s] = 4a
†
sN
3 + 6a†sN
2 + 4a†sN + a
†
s.
That is, in general we have
(3.15) [Nk, a†s] =
k∑
i=1
cika
†
sN
k−i, where cik ∈ R.
Using (3.11) and (3.15), we have
(3.16) W+ := [W0, a†s] =
p∑
i=2
i∑
j=1
γic
j
ia
†
sN
i−j ,
Since W0 ∈ A, we have W+ ∈ A. After (p− 2)-iterations it can be seen that
W+(p−1) :=
[
a†s...
[
a†s,
[
a†s,W+
]]
...
]
(3.17)
= (−1)pp!a†(p−1)s N + f(p)a†(p−1)s ,
where f(p) is some function of p. Since W+ ∈ A, we get W+(p−1) ∈ A. Further, the
following commutation relation can easily be verified by induction
(3.18)
[
a†ms , a
†(p−1)
s N
]
= −ma†(p−1+m)s , m ≥ 1.
Now, (3.17) and (3.18) imply that[
a
†
s,W+(p−1)
]
= (−1)pp!
[
a
†
s, a
†(p−1)
s N
]
= (−1)p+1p!a†(p)s .(3.19)
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Thereby, since a†s,W+(p−1) ∈ A, we see a
†(p)
s ∈ A. Again using the relation (3.18), we
get [
a†(p)s ,W+(p−1)
]
= (−1)pp!
[
a†(p)s , a
†(p−1)
s N
]
= (−1)p+1p!pa†(2p−1)s , m ≥ 1;(3.20)
Thereby, a
†(2p−1)
s = a
†p+(p−1)
s ∈ A. By iteration, we can prove that
(3.21) (a†s)
p+m(p−1) ∈ A, for every m = 1, 2, 3, · · · .
Further, for p ≥ 2, the operators (A†)p+m(p−1) are new elements of A for every
m ≥ 1. Therefore A is of infinite dimension. That is, we have arrived at the
conclusion that if dim(A) < ∞, then p < 2. Thus, from (3.9), an = θ1n + θ0.
Hence, if dim(A) < ∞, then bn and an are second and first degree polynomials in
n respectively.
Step-3: Let us prove that if p < 2, then the algebra A is of finite dimension. In
this regard, for n ≥ 0, assume that
(3.22) b2n = α2n
2 + α1n+ α0 and an = β1n+ β0, with b−1 = 0.
Then from (2.23) we have
[N,A†]Ψn = NA†Ψn −A†NΨn
=
√
2bnΦn+1(3.23)
=
√
2bnΨn+1(x) +
√
2(β1n+ β0)Ψn −
√
2(β1n+ β0)Ψn
= A†Ψn −
√
2(β1n+ β0)Ψn
= A†Ψn −
√
2β1NΨn −
√
2β0Ψn
=
(
A† −
√
2β1N −
√
2β0I
)
Ψn.
Therefore,
(3.24) [N,A†] = A† −
√
2β1N −
√
2β0I.
Further
[N,A]Ψn =
√
2(n− 1)bn−1Ψn−1 −
√
2nbn−1Ψn−1(3.25)
= −
√
2bn−1Ψn−1
= −AΨn.
Therefore,
(3.26) [N,A] = −A.
Also
[A,A†]Ψn = 2 [2α2n+ (α1 − α2)] Ψn + 2β1bn−1Ψn−1(3.27)
= 2 [2α2N + (α1 − α2)I] Ψn +
√
2β1AΨn
=
[
4α2N + 2(α1 − α2)I +
√
2β1A
]
Ψn.
Therefore,
(3.28) [A,A†] = 4α2N + 2(α1 − α2)I +
√
2β1A.
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That is, in this case, all the commutation relations are linear combinations of the
operators A,A†, N and I. Therefore, the algebra A is closed under the bracket
[ · , · ]. Hence A is of finite dimension.
3.2. Proof of Corollary 3.2. The proof follows from step-3 of the above proof.
4. Some examples
In this section, as examples, we discuss the dimensions of oscillator-like algebras
associated with Laguerre and Jacobi polynomials. We borrow the details of these
polynomials from [7, 8]. For an enhanced explanation we refer the reader to [7, 8]
and the references therein.
4.1. Laguerre polynomials. The Laguerre polynomials are defined by
Lαn(x) =
α+ 1
n!
1F1(−n, α+ 1;x).
These polynomials are orthogonal in the Hilbert space HL = L2(R+, xαe−xdx).
The normalized polynomials take the form
Ψn(x) = d
−1
n L
α
n(x)with dn =
√
Γ(n+ α+ 1)
n!
; n ≥ 0.
These normalized polynomials satisfy the non-symmetric recurrence relation (2.15)
with
bn = −
√
(n+ 1)(n+ α+ 1), an = 2n+ α+ 1.
Therefore, according to theorem (3.1), the related oscillator-like algebra, A, is of
finite dimension. In the non-symmetric case, from (2.6), (2.9) and (2.10), we can
see that
[ân−s, â
†
n−s] = 4Nn−s + 2(α+ 1)In−s ∈ An−s.
Therefore all the commutators are linear combinations of âns, â
†
n−s, Nn−s and In−s.
That is, the commutator operation is closed in An−s. It is a finite dimensional
algebra, however the algebra is not isomorphic to AWH . In the oscillator-like case,
from (2.23) we can see that
[N,A†] = A† − 2
√
2N −
√
2(α+ 1)I ∈ A and
[A,A†] = 4N + 2
√
2A+ 2(α+ 1)I ∈ A.
Hence the algebra A is closed under the commutator operation and therefore finite
dimensional. Once again the algebra A is not isomorphic to AWH .
4.2. Jacobi polynomials. The Jacobi polynomials
P (α,β)n (x) =
(α+ 1)n
n!
2F1(−n, n+ α+ β;α+ 1; 1− x
2
)
are orthogonal in the Hilbert space L2([−1, 1], (d0(α, β))−2(1 − x)α(1 + x)βdx),
where
d20(α, β) = 2
α+β+1Γ(α+ 1)Γ(β + 1)
Γ(α+ β + 2)
.
The normalized polynomials {Ψn(x)}∞n=0 are defined by the formula Ψn(x) =
d0d
−1
n P
(α,β)
n (x), where
d2n = 2
α+β+1 Γ(n+ α+ 1)Γ(n+ β + 1)
Γ(n+ α+ β + 1)n!(2n+ α+ β + 1)
; n > 0.
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Then the non-symmetric recurrence relation (2.15) is satisfied with
an =
β2 − α2
(2n+ α+ β)(2n+ α+ β + 2)
,
bn = 2
√
(n+ 1)(n+ 1 + α)(n+ 1 + β)(n+ α+ β + 1)
(2n+ α+ β + 1)(2n+ α+ β + 2)2(2n+ α+ β + 3)
Therefore, according to theorem (3.1), the corresponding oscillator-like algebra, AJ ,
is of infinite dimension. Here also we can compute the commutator [A,A†] and see
that the algebra does not close under the commutator operation.
5. conclusion
In this paper, we have discussed the dimensions of oscillator-like algebras induced
by orthogonal polynomials satisfying a non-symmetric four term recurrence relation.
Further, we have also responded to the claims made in [7, 8] about our previous
paper [14].
In [7] the authors have presented some remarks about the dimensions of os-
cillator algebras associated with two dimensional orthogonal polynomials such as
the normalized 2D-Hermite polynomials Hn,m(z, z) which satisfy the three term
recurrence relation [13, 17]
(5.1) zHm,n(z, z) =
√
m+ 1Hm+1,n(z, z) +
√
nHm,n−1(z, z).
It may be interesting to consider a detail study of the dimensions of oscillator
algebras arising from 2D orthogonal polynomials satisfying three-term and four-
term recurrence relations.
Further, there are several deformations to 1D and 2D orthogonal polynomials,
for example see [3, 6, 9, 10, 12, 15]. The theory developed in [7, 8, 14] or in this
manuscript does not directly apply to the deformed algebras associated with these
deformed orthogonal polynomials.
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